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Abstract--Multi-step heterogeneous consecutive reactitms on non-purous caialyst were studied when 
external mass transfer occuring under non-isothermal condition mainly affects the reaction rates, and useful 
equations were derived ill terms of the dimensionless groups and the nleasurabies by the combination tJf 
mass balances with heat balance around the surface of the catalysts. 

From the analyses of the equations derived, the enhancements for the surface coI~cemratious of tile in- 
termediates were regarded to be idenlical to those under isothermal cunditicm,and those for the effectiveness 
factors for the internrediate steps wele conculded to be tf~e veD' multipiicalions uf Ihuse tMough [sothermal 
process by the ratios of the rate constants of the reactions h~r the corresponding steps at Ihe surface conditions 
to those at the bulk condition. 

INTRODUCTION 

As for the effect of diffusion to the reaction rates on 
heterogeneous catalyst, the references were introduced 
in the previous study [1] with some examples of the 
reactions affected by mass transfer. 

In the previous study, the kinetics of consecutive 
reactions were studied and discussed when external 
mass transfer occuring around nonporous catalyst 
through isothermal process affects the reaction rates. 
From that study, the effectiveness factors for the in- 
termediate steps were understood to greatly influenced 
by the enhancements  in simple consecutive reactions, 

and by the bulk concentrations inclusive of the measur- 
ables in additive consecutive reactions. 

in non-isothermal process, the explanation of the 
phenomena  around the catalyst particles is not simple 
because the concentration gradients and a temperature 
gradient simultaneously affect the reaction rates. In 
general, the temperature gradient affects the reaction 
rates more severely than the concentrations do since the 
temperature gradient directly affects the rate constants. 
In dealing with the effect of the temperature gradient to 
the reaction rates, the Arrhenius number  and the Prater 
aumber  are usually introduced besides the Damkho]er 
number  introduced in isothermal process. In this study, 
the equations were derived by introducing these special 
numbers for the reactions on single particle on the 
assumption that the concentration gradients are homo- 

geneous within the film around the catalyst regardless of 
the position of the particle in a reactor and by combin- 
ing the mass balances with the heat balance for the 
same reaction schemes as those dealt with in the previ- 
ous study and also the enhancements  were obtained in 
the same way. 

DERIVATION OF EQUATIONS 

Simple Consecutive Reactions 

Let's consider the following simple multi-step con- 

secutive reactions when external mass transfer occurs 
through non-isothermal process. The reaction scheme 
is described as the fol lowing 

A k~. B k:~ . . . . .  i k~s ---~N k " k P  (1) 

]f steady state is assumed in the above reactions, the 
mass balances can be set up in the same way as in 
isothermal process, but instead the rate constants are 
given for the surface reactions. A mass balance for the 
reactant A is written as 

(k~a) ~ (CA- CAS) = k,sCAs- P'-, (2) 
For the intermediates i, 

(k~a), (C ,~-  C,) =k~_,,~C,, ,, s - k~sC,s 

= R, , -  R~ (3) 

For the product P, 

(k,~a),. (Cps - Cv) = k . s C ~  < R,~ !4) 
If heat produced or removed are due to the reactions, 
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a heat balance can be set up as the following 

(ha) ITs-T~,)=2~ ( - d H j ) R ~  t5) 
J-1  

where the value of (ha) is taken for the mixture of the 
components in the fluids, and interfacial area for heat 
transfer is assumed identical to that for mass transfer. 
The usuage of the subscripts are similar to that in 
isothermal process while the subcript b means the bulk 
condition. 

In order to derive useful equations, the Damkholer 
number Daj, the Arrhenius number e i, Y and the Prater 
number fl i were defined as 

Daj k~ ~ E~ T~ 
(k~a) " e j RTb' Y Tb 

and ,8~ (j,/jo) C, ( - A H , )  {6) 
pC,.Le *'~ % 

(i= A, B,-- ,  N, a n d j  = 1, 2 , - - ,  n) 
where Le is the Lewis number, IH and JD are the 
j-factor,; for heat transfer and mass transfer respectively, 
and the density ,o and the heat capacity Cp are given by 
the values for the mixture.Also- z1H~ denotes heat of the 
reaction for the j-th step. Defined as the ratios of the rate 
constants of the surface reactions to those of the bulk 
ones, 'b  are expressed by 

m =  k j ~ / k ~ - e x p [ c ~ ( 1 -  1 ) ]  (7) 
Y 

If z~ are defined as Cis/Q, the effectiveness factors ~ i 
become 

~, - m z ,  (8) 

Thus z, are expressed in terms of Da~ and f?i Dai (= 
Ri/(kgal~Ct) from the mass balances. 

1 
1 -  a~z~Da, = 1 -  ~hDa~ (9) za i + a ,  Da, 

Zi 

= ].+ ~o-, r,~ 7~z,-, Da~_, - mDa~z, (10) 

= 1+ u, 7, f~-, Da~_, - r/~Da~ 

( i - B ,  C, -.., N, and j = 2 ,  3, "", n) 

1 
ze 1+ a~ I~e "Te zN Da,~ 

1 -  anUeTeDan 

= 1 + u, 7, ~,Dan (11; 

The effectiveness factors ~i are written in terms of 
Da i and the measurables ~i Dai from the eq. (8). That is, 

fh = a , /  ( l  + a~Dal) =oq (1-  rh Da,) (12) 

m (1-  m-, m 7,z,-,Da~ 1 ) 
~ 1-F a~Da~ 

where m=(k~a) ,_, / (k,ca) ,  and 7, G , / G .  

Now y is required to be expressed in terms of the 
measurables since it is the only unmeasurable. It can be 
obtained from the eq. (5), and the details of the deriva- 
tion were explained in the appendix. The result is 

y = l - -  2~ fiJ ,7, Da, (14) 
a-1 

From this equation, a iare expressed explicitly in terms 
of the measurables: that is, 

a., ::~ exp jej [1 - (1+ E /% rjj Da,) " ~ / ~15) 
d=, 

Thus ~, become as the following 

~71 :~ ( 1 - -  ~ ] l D a l )  e x p  / e l  l l -  (1-F .~/~jrDDaj) t l t  
~=l 

(16) 

fl, ~,Da,) ' i t  (17) J-'l 

The point yields Y~s by the surface reactions are ob- 
tained in terms of z~, Da i and rl j Da i respectively that is, 

g~s =k,~-, (~' i) (zi l) ~ (i/.~/l) 
ffl  Z A i=B 

- k ,  ( u , ) ( z  @]_ (1/7,) (18) 
~1 i=B 

where k~ = k,~/k,~.O~, 

Yls= (~' ') (z, ,) Daj , ~ ( l /v ,  
, , ,  ' 2T (-DXT,) ,:. 

(19) 

- (  > ~--~ ) . .  ( 1 / ~ , 7 , )  
ZA Dat ~=B 

In terms of ~, Da,, 

1 

(20. 
Since Y~,,by the bulk reaction are written as 

Y~b=k,, J-J- (I/7,)-k, ~ (1/7,) (21.) 
i=B ~=B 

the comparison can be made between Y,s and Y,~. 

A d d i t i v e  C o n s e c u t i v e  R e a c t i o n s  

The reaction scheme is described as the following 

+M P A +---~M B '" ' -" i  . . . .  N C22) 
k, s k2s kJs k,~s " 

The mass balances and the heat balance can be set 
up similarly' to those in the previous section, and thus 
z M, z i and f//D%, where f/j Daj are written as 
Ri/(kga)MCM, on new definition of vi, 7 .  Dai and fli 
: that is, 

v, = (k~a)M/(k~a) , ,  

7i = C,/C~, Da.,=kj~,G/(kga)r, and 

fl, (j,,/j,,) CM ( -  AFU) /23) 
pCeLe 2/a "I~, 
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Then ZM and z, are expressed as the following 

z,~= (1+ ~ a,z, Da,)-'=l- S a,zMz,Da.. 
1=1 J = l  

= 1 -  2~ fhDa, (24) 
J=l 

z,~ = (14-a~ vA 7,~zMDat) - ' =  ] - ul vA 7,~ z,~z,i Da~ 
(25) 

= i - al vA 7a f2, Dal 

i+ aj_ L v, 7, zMDa~_, 
Z~ 

l + aJ w y, zMDaj 

= l + v ,  7, (aj iz, tzM- a , ~ / , z M D a l )  (26) 

= l + v ,  7, (~j_]Daj , - ~ D a j )  

z~, = 1 + an vp 7P z~zNDa,~ = 1 F vp 7e @,Da,~ (27) 

Also, since #~ = a~zMz,, ~ are expressed as the follow- 
ing 

@1 = a ,  (1+ S a : z , D a . ) - '  
J = l  

C l+a l  I J A  ~r D a l  

= u, (1 -  2~ ~jD%) (1 -  v~Ta~,Dal) (28) 
] = 1  

~, = a .  (I+ 2~ azz,Da.)-~ If+v, 7, (I+ ~ a.z,Da,) -' 
1=1 J = l  

(a~_,z,_,Da:_~ - mz, Da,) )-~ (29) 

= a j  (1 -  Z @jDa~) [ l+v~7, (D-IDaJ-1 - ~jDa~)~ 
. / = 1  

(29) 

(i = B,C,--, N, and j =  2, 3 , - - ,  n) 
The point yields Y~s are expressed in terms of z,, l)a~ 

and f/~Da, as the following 

Y~s =; 7~ (a ,z~) - '  ( a , _ l k : _ l z , _ ~ / T , _  ~ -- ajk., z, /7,  ) (30) 

= (a,z~Dal) - '  (a._l z,_,Da._l - a~z,Da.) (3111 

In terms of O~Da~ 

Y~s = (;7~-~ Da~_, - ~ Da~ ) / (r), Da, ) (132) 

The point yields Y,~ by the bulk reactions are 

Y,~=: t~_, 7 , - , - k ;  7,)/7,, (33) 

Thus the comparison can be made between Y~s and Y~b- 

RESULTS A N D  DISCUSSION 

R e s u l t s  

The effects of @~ Daj,/gj and 7l at fixed EJ to the ef- 
fectiveness factors in two-step additive consecutive reac- 
tions, were shown in the figures (1)--(8) by assuming 
that ~,, = 1 (see the previous study for this assumption). 
As shown in the graphs, the effects of these are regarded 

to be considerable, lJut the graphs tot simple consecuuve 
reactions were not drawn because the drawings can be 
done similarly to additive consecutive reactions. 
S u r f a c e  C o n c e n t r a t i o n s  

From the results derived, it is understood that tim 

7 ] 1  

1.0 

0.1 

Fig. 1. 

EI=10,  RA--0.1, @iDa1=0.1 

L i L i i i k l  i ~ i i , , , 

0.01 O. 1 1.0 
rhDaz 

rh vs.  r/tDal in tsso-step a d d i t i v e  conse-  

cu t ive  react ions .  

enhancements for the surface concentrations of the in- 
termediates are regarded to be same as those in isother- 
mal process from the comparisons of the eq. (10) and 
(26) with the results in isothermal process. That is, the 
enhancements r become 

r  = v ,  7, rl:- i  Daj_, (34) 

in simple consecutive reactions as well as in additive 
consecutive reactions. The discussion about the 
enhancements in isothermal process was given in the 
previous study. 

1.0 

0.1 

' . . . . . . .  I . . . . . .  ' '  

s,=10, RA=0.1 
- - / 3 ,  =0 .5 ,  f l , = - 0 . 5  (r/2Da2) 
- - - ~ , - - 0 . 5 ,  ~ , -0.  5 0.01 

I 1 I t i L i i i  L i , , 1 

0.01 0. 1 1.0 
fhDa, 

Fig.  2. r/1 vs.  fhDa, in two-s tep  add i t i ve  c o n s e -  

cu t ive  react ions .  
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. . . .  I . . . . . . . .  

e,=10, RA=0.1 
- - - , e , - - -  o. 5,/3~-- - o. 5 
- - / 3 , - 0 . 5 ,  ~,-0.5 

0.2 

O. i . . . . . . . .  ! i  04 . . . .  

3.01 0. 1 1.0 

Fig. 3. rh vs .  rhDa~ in two-step addi t ive c o n s e -  

c u t i v e  r e a c t i o n s .  

E f f e c l i v e n e s s  F a c t o r s  

Unlike the surface concentrations, the effectiveness 
factors in nonisothermal process are considerably in- 
fluenced by the temperature gradients around the 
catalyst particles. In case of single exothermic reaction, 
in general // enhances ~ because u has the larger 
value than the unity due to the positive value of / / .  But, 
in case of endothermic reaction, the reverse effect is ex- 
pected on account of the negative value of r  

Then, in consecutive reactions, a, are greatly af- 

o k ; •  . . . .  s , = l ,  1, ~,Da,=O. O1 

o. 

> 

0 .1 /  . . . .  , , , l  . . . . . . .  
0.01 O. 1 1. 

fl2Daz 

Fig. 4. rh vs. f72Da~ in two-step addi t ive c o n s e -  

c u t i v e  r e a c t i o n s .  

1. 0 

0.1  

- -  h , = o .  5 , , ~ : = - 0 . 5  
- , e , = - o .  5, d , = o .  5 

',,1". %. 

r 

•••,0.2 
0. 010.1 

0.01 0.1 1. 
fhDa2 

Fig. 5. ~2 vs. rhDa2 in two-step a d d i t i v e  c o n s e -  

c u t i v e  r e a c t i o n s .  

[ected by j~/3j  r/j Da, and therefore this summation is 

regarded to be important for enhancements of ~7 s in the 
consecutive reactions. From the consideration that the 
above summation is the total of the /9 multiplied by the 
measurable ~ Da of every step, the prediction of tile 
enhancements is not simple. From the comparisons of 
the eq. (12) with tile eq. (13) and of the eq. (28) with the 
eq. (29), the enhancements Oj in simple consecutive 
reactions are 

O~ as~'iT,~, ,Daj , (35) 

e 2 = l O ,  RB=O. 1 I 

-2 ,  =0 .5 ,  b ' ,=o.  5 
- -b' , - - -0.5,  5,=-0.5 | 

i~,Da.,)  ~ 1. 

_  ttl"~ 

0.1  . . . . . . .  �9 , . . . . . .  
0.01 0. 1 1. 

rj2Da2 

Fig. 6. fh vs .  ~Da2 in two-step addi t ive c o u s e -  

c u t i v e  r e a c t i o n s .  

March, 1986 
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1.0 

0.1 
0.1 

Fig .  7. 

i l i i i , i l l  i i 1 l l l , -  

~ D a , = 0 . 1 ,  ~ D a ~ = 0 . 1  
- - - ~ D a , = 0 . 1 ,  ~2Da2-0.2  ~ , - 1 0  
. . . .  ~7~Da,=0.2, ~Da2 0.1 

(~,, rT~) 
_ ( 0 .  5, 0_____:_5) 

(-O. 5, 0.5)(0 5. ~,~ f \ ~ ' \  \ 

~+0.5, -+0. ~ ~7\ \~ 

(0.5 -o  5 ) ( -  : ~  \ k ~  

1.0 10 

fh vs .  7A in t ~ - s t e p  addi t ive  consecut ive 

r e a c t i o n s .  

and those in additive consecutive reactions 

OJ = m ~,~ 7~ f?J ~ Da~_~ (1 - .2~ fp Daj ) (36) 
J = l  

what is obvious is that ~ increase if all the steps are ex- 
otherrnic, but decrease if all the steps are endothermic. 
In other cases, the enhancements are dependent upon 
the magnitudes of the ~ Da~. These effects in two-step 
additive consecutive reactions were shown in the 

graphs. Also, from the comparisons with those in iso- 
thermal process, it is concluded that the enhance- 

ments in non-isothermal process are the multiplications 
of those in isothermal process by aj Here a indicates 
the effect of the temperature gradient. Further, the effec- 
tiveness factors are the very multiplications of those 
under isothermal process by the ratios c~ regardless of 
the types of the reactions. 

From the eq. (35) and (36), the bulk concentrations 
7, affect the enhancements proportionally, but don't the 
effectiveness factors themselves. While m atfect propor- 
tionally to ~J, 7, don't do that. In general, the effects of 
7, are. regarded to be not so much sensitive as those a~ 
inclusive of /5b and e~ because a~ vary exponentially 
with ~J and l - 1 / y  including ~ .  

In the previous study, the effects of the diffusivity 

and the Reynolds number  to the mass-transfer 
resistance around a sphere were discussed. In non- 
isothermal process, the effect of heat-transfer must be 
simultaneously considered. 

General correlation for mass transfer around a 
sphere can be written by 

S h ( o c k ) = 2 . 0 + f ( R e ,  Sc) (37) 
O 

1.0 

fhDal =0. 1, @~Oa2=0. 1 
.... f ] ,Da , -0 .1 ,  fhDa2=0.2  s2--10 
- -  ~ ,Da ,=0 .2 .  r hDa2-0 .1  

. . . . . . . . . .  / ~ , o ,  5) 

(0.5, -0. 5) 
7(+0 .5 ,  -7-:0.5) 

( - 0 . 5 , 0 . 5 ;  

- 0 . 5 ,  - 0 . 5 )  

( - 0 . : 5 ,  -0 .5 )~~ i  I 
0. 1 , = - - - - - -  - -  i i i J i I F ~ - ~  i i i i i i i t  

0. 1 1.0 10 
7s 

Fig .  8. ~ v s .  7~ in t w o - s t e p  a d d i t i v e  c o n s e c u t i v e  

i j - 

~ i _ _ - -  ~ " \  \ 
r 5 \ 

r e a c t i o n s .  

and that for heat transfer by 

, h 

Nut o c k s ) = 2 . 0 + g ( R e ,  Pr)  (38) 

where ks is thermal conductivity of the fluid. The 
dividing the eq. (37) by the eq. (38) produces 

k~ k s  2 .04- f (Re ,  Sc) 
- ( 3 )  oc (39) 
h 2.0-I g(Re, Pr)  

In case of low Re or motionless fluid, the ratio k~/h is 
directly proportional to D/ks.Therefore, at low Re, the 
Prater number /.7 is regarded to be affected mainly by 
these properties D and ks. 

In case of high Re, the eq. (39) becomes 

_k.g oc ( D ) .  F (Le) (40) 
h k r 

Therefore, at high Re, fl is affected by Le as well as 

([)/ks}. 

C O N C L U S I O N  

Multi-step consecutive reactions with non-isother in- 
terphase diffusion were studied. From the analyses of 
the equations derived, the enhancements for the surface 
concentrations of the intermediates are identical to 

those under isothermal condition, and the enhance- 
ments for the effectiveness factors for the intermediate 
step the multiplieation of those under isothermal pro- 
cess by the ratio a .  Further, the effectiveness factors 
turned out to be the very multiplications of those under 
isothermal process by the ratio a like single reaction. 

Korean J.  Ch. E . ( V o l .  3, No. 1) 
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NOMENCLATURE 

A 
a 

C 
C, 
D 
Da 
E 
- A H  
h 

i, 
J, 
kg 
k 
k.. 
k: 

Le 
M 
N 
n 

Nu 
P 
Pr 
R 
Re 
Sc 
Sh 
T 
Y 

Y 
Z~ 

Reactant for initiation 
Effective interfacial area for heat and mass 
transfer 
Concentration 
Heat capacity of the fluids 
Effective diffusivity 
Damkholer number 
Activation Energy 
Heat of reaction 
Heat-transfer coefficient 
j-factor for mass transfer 
j-factor for heat transfer 
Mass-transfer coefficient 
Rate constant 
Thermal conductivity 
Ratios defined as k,b/'k~b 
Lewis number 
Reactant added to each step 
Intermediate from the (n-l)- th step 
Number of the total steps 
Nusselt number 
Final product 
Prandtl number 
Gas constant or reaction rate 
Reynolds number 
Schmidt number 
Sherwood number 
Temperature 
Yield 
Ratio defined as Ts/'I~, 
Ratios defined as C,s/C, 

Greek Letters 
aJ : Ratios defined as k~s/k~b 
/3 : ]nterphase adiabatic temperature rise: Prater 

number 
)~ Ratios defined asC, ~/C, in simple consecutive 

reactions and as C,,/C, in additive consecutive 
reactions 
Arrhenius number difined as E/RT~ 

v, Ratios defined as (kga),_,/(k~a), simple con- 
secutive reactions and as (k.a)M/(k~a'), in addi- 
tive consecutive reactions 
lnterphase effectiveness factor 

p Density of the fluids 
r Enhancement of the effectiveness factor 

Enhancement of the surface concentration 

Subscripts 

b : for the bulk condition 
i : for species i(i= A,B,C .. . . .  N,P) 
j : for the j-th step 
s : for the surface condition 

APPENDIX 

The eq. (14), the expression as for the ratio Ts/Tb, 
derived as the following. From the j-factor correlations 
about heat and mass transfer, the ratio of the heat- 
transfer coefficient of the fluids tO the masstransfer coef- 
ficient of a component is written in simple consecutive 
reactions as 

(ha) (~_) , 
(kga)~ P CpLe~/3 (a)  

J. 

The division of the both sides of the eq. (5) by (kga),C, 
Tb gives 

(ha) 
(k~,a), C, (y -  1) 

R, ( - , ~H, )  + . . . +  a,  ( -  a N 4 + . .  ' -  
(k~a),C, Tb (k~a),C, Tb 

- A H I  CA (kga)A 
(Tb) (C,) (k~a), fh Da~ + .-- 

-AH,  C, (kga) ~ D a ~ +  
+ (To~ (C,) (k~a) -.- (b) 

(k~a). Q~ ( - A H1 ) 
y -  I =  (ha- -~  ~ fT,Da, § "'" 

(c) 

(ha) Tb 

The introduction of the definition of ,8~ in the eq. (6) and 
the eq. (a) into the eq. (c) gives 

y = l §  § ,-. +/~j ~jDa~ + ... 
(14) 

= 1 +  2~ ,0,~7, Da, J=l  

In additive consecutive reactions, the replacement of 
(k~a), in the relation (a) with (k~a)~ and the introduction 
of Daj and fi'j defined in the eq. (23) produce the same 
expression as the eq. (14). 
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